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Modeling the Flow of Water on Aircraft
in Icing Conditions

Tim G. Myers* and Chris P. Thompson'
Cranfield University, Cranfield, Bedfordshire, England MK 43 OAL, United Kingdom

A three-dimensional mathematical model that describes the flow of a thin film of water driven by air shear,
gravity, surface tension, and ambient pressure variation over a solid substrate is derived. The one-dimensional
version is then analyzed and numerical solutions for the fluid film height and velocity obtained. After further
simplifying assumptions, a number of formulas that relate film heights and average velocities to the strength of the

air shear or gravity effects are also presented.

I. Introduction

FUNDAMENTAL problemin the aerospaceindustry concerns
the buildup of ice on lifting surfaces and surfaces where ice
may break off and subsequently damage other components.! To
combat this problem, aircraft are sprayed with anti-icing fluid while
on the ground to preventice from forming on critical surfaces. Dur-
ing flight in icing conditions, one option is to heat vulnerable sur-
faces. This may require a considerable amount of energy. For ex-
ample, the power required by a typical electrothermalice protection
systemon a helicoptercan accountfor over 10% of the engine power.
Also, the trend toward the use of higher-bypass-ratio turbofan en-
ginesin the fixed-wing-aircraftindustry consequentlymeans that the
amount of available core engine bleed air for anti-icing purposes is
becomingsmaller. Hence, as well as the obvioussafety aspects, there
are compelling financial reasons for investigating this phenomenon.
Ice will typically form when supercooled water droplets, from
clouds, mist, or freezing drizzle, hit an aircraft and subsequently
freeze. Depending on the atmospheric and flight conditions, the ice
that forms on the aircraft will be either rime ice, glaze ice, or a
mixture of the two. With glaze ice, the droplets that impinge on the
surface do not freeze instantaneouslybut form a film of liquid water
that runs back over the surface, freezing gradually at various rates.
In current icing codes, all of this unfrozen water is dealt with by
moving it to an adjacent computational cell at the next time step
(see, for example, Ref. 2). In reality the water motion will depend
on the driving forces, and only a portion of it will occupy the next
cell. Because the behavior of the water film will have a significant
effect on the shape of the resulting ice formation, there is a need
for a detailed study into the flow of a thin layer of water on a solid
surface as part of an investigation into the formation of glaze ice
(see, for example, Refs. 3 and 4).

Experiments carried out under typical glaze ice conditions reveal
three distinct zones of ice formation? The first, in the vicinity of
the stagnation point, is composed of an ice surface with no distinct
roughness.On top of the iceis a thin continuousfilm of water. Some-
where behind this region lies a rough zone where water typically
beads. If ice is allowed to build up over a sufficient time, this rough
zone may envelop the smooth one. Behind this is the runback zone.
The work in this paper is clearly applicable to the central region,
which is largest at early times in the development of ice. Moreover,
experiments on the growth of ice in the rough zone will produce
different small-scale features each time, but large-scale features are
usually reproducible.To numerically predict the large-scalefeatures
is the best that can be expected from an icing code. To achieve this,
an average flow needs defining, rather than modeling individual wa-
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ter beads that may shelter behind ice crystals or even fluid that may
experience a higher shear through air funneling effects. For this
reason the model will be applicable in the rough zone as well.

The method and results described in the following sections have
a number of practical uses other than modeling glaze ice growth.
For example, fluid flow driven by interfacial shear, gravity, and sur-
face tension is important in the study of compact heat exchangers,
trickle bed reactors, spray coating, and blow drying (see, for ex-
ample, Refs. 5 and 6). An aircraft component, heated to preventice
accretion, may be covered at the leading edge by a continuous lig-
uid film, provided the collection efficiency is sufficiently high. The
whole questionof atmosphericice accretionis also of interestto ma-
rine engineers and power companies whose overhead transmission
lines are prone to icing.’

Previous analytical studies of fluid flow on aircraft have largely
neglected the effect of surface tension. However, its inclusion is
clearly justified by the experiments reported in Refs. 3 and 8 in
which results show dramatic changes in ice shapes with varying
surface tension.

The theory developedin this paper will ultimatelybe incorporated
into a three-dimensionalaircrafticing code, ICECREMO. Because
it is envisaged, in the preliminary version at least, to use spline
segments to discretize the aircraft surface, only flow in a Carte-
sian coordinate system will be considered. For this reason, a fully
three-dimensional mathematical model is developedin the follow-
ing section. However, only the simpler one-dimensional model is
analyzedin detail, to determine simplified relationshipsbetween the
driving forces and the film height.

Flow stability will not be considered in the present work. Al-
though the interactions between the airflow and surface waves,
hole, and rivulet formation are important effects, the present so-
lution should be seen as a leading order one, where perturbations
to the base state are neglected. More information on these stability
modes may be found in Refs. 9-13.

II. Mathematical Theory

A. Three-Dimensional Flow Description

In this initial study only isothermal flow will be considered;hence
freezing and evaporation are neglected, as is the effect of incoming
droplets.

Fluid is assumed to be flowing down an inclined plane, at an angle
« to the horizontal, under the influence of gravity, interfacial shear,
and surface tension. The film has thickness %; the coordinates are
such that x is directed down the plane and z is perpendicularto the
plane. The Navier-Stokes equations are assumed to govern the fluid
flow; however, to model the thin liquid film, these may be reduced
using lubrication theory (see, for example, Ref. 14). The basis of
this is that changes across the film must happen over a much shorter
length scale than those along the film. With an appropriate scaling
the dominant terms may then be picked out, giving
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where p is the fluid pressure, (u, v, w) is the velocity vector, and
1 and p are the fluid viscosity and density, respectively. For an in-
compressible fluid the continuity equation is unaffected by lubrica-
tion theory:

ou + dv  dw 0 @)
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Equations (1-3) demonstrate that the main driving forces within the
fluid are gravity and pressure gradients.

The appropriate boundary conditions for solving this system are
as follows: On the solid surface there is no slip, while on the free
surface the normal stress is balanced by surface tension, shear stress
is continuous, and the kinematic condition holds. Mathematically
these imply

u=v=w=_0 %)

on the substrate,z = f(x, y). On the free surface,z = h(x, y):
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where p, is the ambient pressure (which may vary over the fluid
surface), o is the surface tension, (7}, T») is the shear stress caused
by the airflow, and / is the film height. Note that the solid surface is
not necessarily flat; the function f'(x, y) may model surface rough-
ness or curvatureand must be input to the calculation. Setting f = 0
reduces the problem to flow down a flat substrate.
Subject to these conditions, Egs. (1-3) may now be integrated to
give
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These expressions show that the pressure varies linearly with z,
whereas velocities vary with z2. All of these quantities depend on
the unknown position of the free surface /.

The film height may be determined by substituting Eqs. (10)
and (11) into Eq. (4), integrating over the film, and applying the
kinematic condition (8) to eliminate the velocity in the z direction.
This leads to the single equation
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Thisis a fourth-ordernonlinearpartial differentialequation.It shows
that,in the absenceof freezingand/or evaporation,the film thickness
varies due to surface tension, gravity, air shear, substrate shape, and
ambient pressure variation. Once it is solved, fluid velocities and
pressure throughoutthe film may be calculated.

Note that the surface tension term and the first gravity term of
Eq. (12) stabilize the film (provided the coupling with the airflow
is neglected); that is, they effectively act as a damping force. This
may easily be shown mathematically for small perturbations to the

equilibrium state (see, for example, Ref. 15). Hence, given a suffi-
ciently longregion, the film may be expectedto reach an equilibrium
height. This will be exploited in solving the numerical scheme of
the following section. Any interaction with the airflow would be re-
flected in the V p, term. A further equation would also be required
to describe the airflow. This problemis considered in Ref. 13.

B. Two-Dimensional Steady-State Analysis

Equation (12) models three-dimensionalunsteady flow on a sub-
strate and can be incorporated into a full numerical scheme. How-
ever, to simplify the analysis and to gain a better physical under-
standing of the process, a number of further assumptions can be
made. First, although the air pressure may vary considerably near
the leading edge of an airfoil, in general the ambient pressure will
remain approximately constant; V p, will thus be set to zero. For
a fluid film, or over the central region of a rivulet, the flow will
be basically unidirectional and so a two-dimensional model will
be considered. Finally, the flow will be assumed to have reached a
steady state,andso 3/ /3t = 0. Equation(12) may thenbe integrated
to
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where Q is the fluid flux per unit length in the y direction.

Equation (13) may be readily solved numerically, once appropri-
ate boundary conditions are prescribed. For the present study it will
be assumed that the film height at x =0 is known (in the icing com-
putational fluid dynamics code this will be determined using data
from the previouscell) and that the cell of interestis sufficiently long
for the fluid to attainits equilibriumheightbefore the end is reached.
Equivalently, this would model a flow where fluid is pumped at a
constant rate from an inlet of known height onto a sloping plane.

The actual solution method employed was to determine the lim-
iting value of Eq. (13), from Eq. (14), and to perturb this to give
values of , h,, and h,,, which are required as the starting point for
an initial value solver. The solutionis then marched, using a fourth-
order Runge-Kutta algorithm, up to the specified inlet height and
the calculationended. Typical film heights were calculated for vary-
ing values of the air shear, 7} = 0, 1, and 10 N/m?, with a slope of
45 deg and a fluid flux per unitlength in the y directionof 10~ m?/s.
These are shown as curved lines on Fig. 1, where the uppermost
curve correspondsto 77 = 0 and the lowest to 7} = 10 (equivalent
to air speeds on the order of 0 and 1000 kph, respectively).

Mainly due to the effect of surface tension, the fluid film height
rapidly adjusts,near the inlet, from its initial heightto its equilibrium
value. For zero air shear the fluid requires approximately 0.6 cm
to attain its equilibrium height. Increasing the air shear forces the
film to reach its equilibrium height more rapidly; when 7} = 10 it
only takes 0.3 cm. It also causes a significant decrease in the final
thickness.

Because the terms involving derivatives of 4 act to bring the film
toward its equilibrium height, far enough away from the inlet these
terms will be negligible. Hence, a simple formula may be obtained
for the equilibrium height, which is the real root of

2pg sinah’® +3T1h* = 6u0 (14)

Even simpler relations may be obtained for the limiting cases of
large and small air shear, &, and A ; these are

1
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These expressions will be valid away from the inlet when 7 is large
orsmallin comparisonwith2pg sinah/3 (= 6.5x 10°h sina). They
are also plotted on Fig. 1; & is shown as the lowest straight line,
which matches the equilibrium height from the numerical result
for Ty =10 to within 3%; h, is shown as the upper straight line,
which, as expected, coincides almost exactly with the numerical
result for 7, = 0. The simplest results, calculated from Eq. (15),
have subsequentlybeenfoundto agree within 20% of a finite element
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Fig. 1 Film shape for varying air shear with Ty = 0, 1, and 10 N/m? and limiting values for zero and large air shear.
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Fig.2 Average velocity for varying air shear with T; = 0, 1, and 10 N/m? and limiting values for zero and large air shear.

calculation.'® The source of the discrepancymost likely comes from
numerical errors rather than the analytical formulas.
The average velocity through the film is given by
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InFig. 2 average velocities, correspondingto the examples of Fig. 1,
are plotted. Now the highest curve correspondsto the highest value
of air shear and the lowest to zero air shear. Near the inlet, where
the film height is greatest, the average velocity is low, but as the
film thickness decreases, the velocity increases and rapidly reaches

its equilibrium value. As expected, both from the physical point of
view as well as from continuity arguments, the higher the air shear
the higher the equilibrium velocity.

Substituting the film height obtained from Eq. (14) into Eq. (17)
will lead to a general expression for the average velocity away from
the inlet. The limiting cases for large and small air shear may be
obtained as

1
T _ 2pgsina \’
o7, ug=<Q P8 a) (18)
3u
These are also shown as straight lines on Fig. 2; again the zero air
shear result coincides with the 7 = 0 curve, whereas for high air
shear the result differs by 3%.
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III. Conclusion

The main objectives of this work were to develop a model equa-
tion for the flow of a water layer, which could be incorporatedinto an
icing code, and to developa number of simple resultsto test its valid-
ity. The mathematicalmodel was derivedin Sec. II. The steady-state,
two-dimensional version of this equation for film height was then
considered. Numerical solutions show that surface tension quickly
acts to level the fluid film to its equilibrium height, which is de-
termined by the fluid flux and the relative strength of the air shear
to gravity forces. As may be expected from physical observations,
the film thickness decreases with increasing air shear, whereas the
average velocity increases due to the increase in drag.

A number of simple relations were also obtained, giving the equi-
librium film height for the limiting cases of large and small air shear.
The limiting cases showed the film height varying with the inverse
squareroot of the magnitude of the air shear or the inverse cube root
of gravity. The correspondingvelocities vary with the square root of
air shear and the cube root of gravity. A comparison of the limiting
formulas with the numericalresultsshowed excellentagreement; the
discrepancy of 3% obtained for the high air shear case will further
decrease as T increases.

Because of the assumptions made in deriving the present model,
the results should not be expected to accurately describe all types of
thin film flow driven by air shear. In particular, although the model
equation (12) is time dependent, the results presented are for steady-
state flow; future work will include nonsteady effects. The ambient
pressure variation has been neglected, and although this may be
reasonable in many situations, it is clearly not the case near the
leading edge of an airfoil. However, there is a term in the governing
equation (12) that allows for pressure variation and could be input
from an external computational fluid dynamics calculation. Alterna-
tively, by choosinga sufficiently small domain, the ambient pressure
variation could be made relatively small. A number of other effects
could easily be incorporatedinto the model; at the moment the au-
thors are investigating rotating systems, where centrifugal forces
play an important role, and also rivulet flow; surface roughness ef-
fects, the impingement of water from a cloud, and freezing are also
important. Finally, there are a number of stability questions that
have not been addressed here, such as hole formation, film breakup
intorivulets, and the interactionbetween the air and liquid flow that
can speed up the fluid and lead to wave development.
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